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General Instructions

Reading time — 10 minutes

Working time — 2 hours

Write using black pen

Write your name on the front of

every booklet.

@ In Questions 11 to 14 show
relevant mathematical reasoning
and/or calculations.

NESA approved calculators and
templates may be used.

@  Weighting: 45%

Section I Multiple Choice

10 marks

Attempt all questions.

Answer Sheet provided

Allow about 15 minutes for this section

Section II Free Response

60 marks

Start a separate booklet for each
question.

Each question is of equal value.

All necessary working should be shown
in every question.

Allow about 1 hour and 45 minutes for
this section.



Section I

10 marks

Attempt Questions 1 — 10

Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1 - 10.

Q1. Each of the students in an athletics team is randomly allocated their own locker from a row
of 100 lockers.

What is the smallest number of students in the team that guarantees that two students are
allocated consecutive lockers?

A. 26
B. 34
C. 50
D. 51

Q2. Which one of the following describes a Bernoulli random variable?

The times achieved by athletes in a 100-metre race
The value of a card chosen from a pack of 52 playing cards

Choosing a red pen from a container that contains red, black and blue pens

o O o w >

The number of emails a doctor receives in a week

Q3. What is the derivative of tan™" (fj ?

2

A. _12_

2(4 +x7)
B 1
| 4er2
o 2
’ 4+ x°

4

D.

4+x2



Q4.

Q5.

Consider the vectors @ =2i+3j ,b=-3i+2jandc =2i~j

Which of the following vectors is parallel to g+b+¢?

A.

B.

C.

D.

2i + 8
2i - 8

2i - 6]

~2i - 6

~

The slope field for a first order differential equation is shown.

A.
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Q6.

Q7.

Q8.

Which of the following differential equations can NOT be solved by separation of

variables?
A
Y
B. &_.
dx
c. d_x
x y
D. dy_
dx—xy
k 1 T
What is the value of & such that f dx = ? ?
0 4—x2
A 1
B. &
C. 2

D. 25

The number of solutions to the equation (sinzx - 1)(tan2x - 1)=0 inthe

domain [0,2m] is

A, 2
B. 4
C. 6
D. 8



W

Q9. In how many ways can six people from a group of 15 people be chosen and then

arranged in a circle?

14!

A, —_—

8!

!

g 14!
816

15!
C. ;'—
151

916

Q10. Find Proj v givenv =-2i— 5jandw =3i+j

A 2 (Bi+))
. - = I
10 /

11
- —— i+ 7
29 Bi+))

Wnils
10 ("i_ 1)

L sy
29( i—5j

End of Multiple Choice



Section I

60 marks

Attempt Questions 11 — 14

Allow about 1 hour and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

In Questions 11 — 14, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 15 marks
a.  Onaverage an archer scores a bullseye once in every three shots at the target. A
competitor is allowed eight shots at the target.
i) Find the probability that a bullseye is hit exactly twice. 1
ii) Find the probability that a bullseye is hit at least twice. 1

iij) ~ How many shots should the archer use so as to be 90% certain that at least one
bullseye is hit? 2

b. ABCD is arhombus. Eﬁ is an extension of ;ﬁ such that

—_ —_—
|AB|:|BE|=4:3

—_ a B E
AB =a 4 .
—
BC = 2
b Not drawn
accurately
D - c
The point F is halfway along co .
Find FE interms of q and & 2

Question 11 continues on next page



IT)

Question 11 continued.

T

c.  Find the area enclosed by the curve y = tan 'x , the y-axis and the lines y == y

(Express your answer in simplest exact form).

d.  Solve the simultaneous equations for x and y leaving your answer in simplest exact form:

- - 3n
2sin”'x + 3cos ly =5

- - L
2sin”'x - 3cos ly = 0}

e. Thecurve y= Peos [ 1-;' x) meets the line y = x at the point P, as shown in

the diagram.

i)  Show that the coordinates of P are (1, 1).

ii)  The shaded region is ro*~‘_u around the x-axis.
Find the volume of the solid of revolution.
(Give your answer in simplest exact form)

End of Question 11



Question 12 15 marks

a. Use mathematical induction to prove that 77" lys is divisible by 12 for all
integers n > 1 . 3
b. Solve the differential equation,

d .
@+ S)ﬁ = xp

given that y (2) =3 3

c. i) Show that cos 3x = 4cos’x — 3cosx 2

ii) Find all solutions to the equation cos 3x + 2cosx = 0
over the domain [—2w,27] 2

d.  The polynomial P(x) = x> +bx’+cx+d has zeros 0, 3, and -3.

i) Find b, ¢ and d. 2
ii) Without using calculus, sketch the graph of y = P(x) 1
x*-9
iii)  Hence, or otherwise, solve the inequality . =0 2
End of Question 12



4

Question 13

1
a. Use the substitution # =1 —x to evaluate f le —x dx
0

b. i) Express 2\/3— sinx — 2cosx in the form Rsih(x - a)

i1
where R>0 and 0<a<5

ii).  Find the values of x for which f(x) = 2Bsinx — 2cosx

attains its maximum value over the domain [-21r,27]

c. Inthe diagram, C is the centre of a circle of radius4 cmand 2ACB =0 radians.

4 \—1/ B
The length of the chord 4B is / cm.

i) Show that the length / of 4B is givenby [ = 4\5 — 2cosH

2
if) If © isincreasing at the rate of 3 rad s}, find the rate of change of the

T
length of AB when 6 = 3 radians. Express your answer in simplified exact

form.

Question 13 continues on next page.

15 marks



Question 13 continued.

d. The manufacturers of a chocolate chip cookie are concerned about falling sales. They
believe that a fault in their machine means that 15% of the cookies do not have the
required number of chocolate chips in them.

A sample of 10 boxes, each containing 20 cookies, is selected.

i) Find the mean and standard deviation for unsatisfactory cookies from the
sampling distribution. 2
(State your answer for the standard deviation to four decimal places.)

i1) What is the probability that more than 20% of the cookies in the sample will be
unsatisfactory? (You may assume that the sample of cookies is approximately
normally distributed and use a table of z-scores.) 2

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

1.8 | 0.9641 | 0.9649 | 0.9656 | 0.9664 | 0.9671 | 0.9678 | 0.9686 0.9693 | 0.9699 | 0.9706

1.9 | 0.9713 | 0.9719 | 0.9726 | 0.9732 | 0.9738 | 0.9744 | 0.9750 0.9756 | 0.9761 | 0.9767

2.0 | 09772 | 0.9778 | 0.9783 | 0.9788 | 0.9793 | 0.9798 | 0.9803 0.9808 | 0.9812 | 0.5817

End of Question 13.

10



-, Question 14 15 Marks

a.  The population, P, of animals in an environment in which there are scarce resources is

: . . : : . dP
Increasing in a manner described by the differential equation o P(100-P) .

When t=0, P=10.

1 (1 1) 1

. + =
i) Showthat 100\ P 100-P) P(100- P) 1

ii)  Find an expression for P in terms of ¢. 3

. d -1 -1
b. Show that — = + 1
i) ow tha dx{xtan } L1 22 tan x
(ii)  Hence, show that
! 114
f tan” x dx = i loge(sﬁ) 2

0

¢. 4 Band Care points defined by the position vectors a =i +3j,b =2i + j and

¢ =i —2j respectively.

i) Find AB-CB 1
ii) Hence, using part i., find the size of 2A4BC. 2

1
d. Consider the function f(x) = " - —

e
i)  Showthat f(x) isincreasing for all values of x 1
ii)  Find the equation of the inverse function y = f -l (x) 3
1
iii) Hence, or otherwise, solve e* — —=5.
e
Give your answer correct to two decimal places. 1
End of paper

11
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To all students

e Include your ID number on ALL Booklets

e Write in numbecr of booklets used - cvenif I of .

e Show full working — especially proof questions. Answers
without working {requently arc awarded onc matk only.

e Do NOT round off unless required.

o [llegible work will NOT be marked
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—
b
L}
R ]

Q1 50 spaces is max possible with one gap
therefore 51

Limited to two options
Q2 C
Red or Not Red

Q3 2 C

i, lg=—3!:+2! and

athte=20+3j-3i+2j+ 2]

=i+4'

Qs C
Students — try to match with gradients

rather than do the integration,

dy ‘dx=x+y
Q6 dy=xdxtydx A

tf can't be separated

- ERL r
Q7 Y PO
gk om
sm :’?
LI
5 =sm 3
k=
o8 .
Asymptote values (solutions for sin) cannot be
valid for tan.
4 solutions
O )
Choose 6 from 15 = 1°C, = o % 6!
Arrangements of 6 in a circle = 5!
Q9
| 15! _
t] = =—_—X
Total arrangements oTxor <>
15!
T 9l x6
Proj v giveny =-2i-5jandw =3i+;
T =-2x3-5x%x1=-11
2 2
vl =2) + (-5)' = o
Qlo wi=43 17 =Jl0

. WLy
Proj v ===
v oo ™ IZ -

i

-1l \
10 (3:+7)

-~
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Qll
1
Prrstiee = 3 1 mark — correct
answer
X TOALELSTUDENTS -
rq) STOP THE
: . ADDICTION 10
a-i o
Exactly nwice CALCULATORS AND
_r 2 GIVING YOUR
r= 3 4= 3 ANSWERS AS
s ESTIMATES, Exact
. 26 - 5 X
. =85Ca py = Fractions are hetter
P:= %2 P T e
Atleast 2 =1-(0 or 1 hits)
/ l]“/z\i“ BN I marks — correct
A P E e e ot
a-ii Gl3 \3) & 3113 solution
5281
6561
no success < 0.1
{ ,,\/,‘
( :J <01 2 marks — correct
V3 ’ solution
[' 2}
nlog. | = < log. (0.1 —¢
asiii |3 ¢ (0.1) 1 mark - correct

S

-

n > log(0.1) =+ logt -
3/

n>35.67

n==6

approach for
inequality with

incorrect final answer.

Alternatively » shots required.
Success on first or success on second or success
on third ....

prygptrygp —gqqp + 9
. 1
Py LI
g-1

'
P
jta

1
POINAD

3
-09 = | =
1 -0 &Y

2]
0.1y > n i ;I

ey
" —lnl
w567
n= 0

2 marks - correct
solution

1 mark - correct
approach for
inequality with

incorrect final answer.

a ‘Bf e . 2 ma.rks— correct
DE = DA + AB + BF solution
b 3
—h+tu~—a 1 mark — one correct
new vector required
— ] for final solution.
DF = ~u
2 P
— — 7 2
DE - DF = —I: ’I‘l‘:ff
FE = 2u—h
s=a-h
_‘ - -
Or other correct approach.
3 marks — correct
Area required is the green section. solution
v=tan 2 marks —
any = ¥ transformation and
. correct integration
1
¢ = l ant v I mark —

transformation of
integral

Pao many students
did NOT ke log
Imas to the tinal

conchusion,
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A

I = n‘f [f(.\')}2 - [g(.\')]: dx

¢

i { 3
l;_nfq 2 i Iv
= 2c08" i TN - oy
0 \ !

|3

R
cos 2x = 2¢cos"x — |
N
cos 2x + 1 = 2cos™x

1
. 2 my v
B N
I4 \ g
2.0m | II B
=n| —sinT+ | -7~
tlm 2 3,
"+2'ﬂ' 3
=2+-——u
3

3 Marks:
Correct solution

2 Marks:
Obtains a
correct primitive
function.

1 Mark:
Obtains a
correct
integrand
expression.

let
« = sin™! (x)
B= cos™' ¥
5 L
2a + 33 = >
e
2a- 38 = 3
T 2 Marks:
da =21 = a= 5 Correct solution
= for x and y
T .- T
d as—;—Ssm GS; 1 Mark:
Correct solution
B1e for x or y
6B=m=> B = 3
as0 < cos@<m
T . -
5 = sin " (x)
x=1
n -1
5o cos )
B
.‘ 2
P(1,1)
y=x =2 l=]usmefory=x
(
T
y= Jl_cost—.\']
4 )
1 = Leos™ 1 Mark:
e-i = v2cos, :

1=J2_XTJ2—
1=1

\

X
J

{
true for y = sEcosL

& A

Correct solution




Question 12
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7*" '+ 5 isdivisible by 12

77" a5 = 12K
Letun=1
LHS= 77" '+5=12 x |

True forn |

Assume true forn = k

3 Marks:
Correct solution

2 Marks:
Correct answer
for initial case
and correct
statements for
n=k, n=k+1 and

integral involving
absolute value

cos 3x = dcos x — 3cosy

cos v = cos(2y + x)
= €05 2vcosy - sin 2x siny

2 Marks:
Correct solution

1 Mark:

x=2y=3
2In3 = (. = I(9)
In(3%) = €, = In(9)

C.,=0
Iny| = ln(J.\': - <\,
yl =TS

7% Vo 5= 120 M elementof Z' some relevant
a progress towards
- showing
R1:P“lrue forn=k +1 implication
7% Y e 5= 2P P elementof Z
1 Mark:
LHS =7 "'+ 5 Correct answer
_ 52 1, L for initial case
- ! ‘x _’7 <T ?< and correct
= 49412 = 57+ statements for
=12 X 49M +49 X 5-5 n=k & n=k+1
=12 X 49M - 48 X 5
=12149M + 4 X 5}
= 12/ where P’ element of Z~
3 Marks:
B Correct solution
(_\‘2 + 5)%= Xy
1 x 2 Marks:
—dy =3 dx Obtains
¥y T +5 5
1 ¥ (=2 A
1 X :‘ obtains
d= Cp=Chix + S) 3
In|y ¢ 21“,(: i pedies
2y = C. = hi(x” + 5) without
b justification of

positive sign

OR
Obtains at least
one integral with
an absolute value
and correctly
cvaluates a
constant

1 Mark:
Obtains at least
one correct

i = (2(:052.\' - 1)cosx - 2sixcosxsiny Obtains a correct
= 2c0s X — COSY — 2sin"vcosy expression from
= "cos“\' — cosx - 2 X 2(I - cos:\')cosv cos3x containing

e S 3 "~ | cosix and sin’v,
= 2¢€0s ¥ = cosx — 2cosxy — 2¢os’ ¥ or equivalent
= 4cos ¥ — 3cosy expression.
2 Marks:
cos 3x + 2cosy =0 Correct solution
4cos’x — 3cosy = 2cosx { Mark:
cosx{4cos™y 3 l ) i 0 Obtains one set of
cosy =0 positive or
- negative solutions
vo= s ="—"— from cosx = 0 and
c-ii - - cos’x="Y
: 21 OR
cos"x = .
s 4 Obtains one set of
1 positive and
cosy = =2 negative solutions
v - from either
REELELELY cosx=0 or
v == Ty
3’37373 cosix=1/4
P(x) = et eer+d 2 Marks:
Py =x(x = 3} +3) Correct solution
d-i =x(x"-9)
=x'-ox 1 Mark: finds ¢=-
9 OR b=0, d=0
bh=0¢c=-9d=0
1 Mark: Correct
d-ii graph, showing x

intercepts
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d-iii

xXT-9
>0
X
.r: .\'2 -9 -
YO ox
X
Xy -9)>0

From graph

3 <x<0orx 23

2 Marks:
Correct solution

1 Mark:
One correct
inequality
solution

HSC Mathematics X1 2020 Trial Draft Solutions

Question 13
]
J sl —x dx
n
3 marks — correct
letu=1=x .
x=1-un solution
du = N dx 2 marks — correct
A= 2 n= . .
y=]1=2un=0 integration
" I mark
. J: (l-u)./; «du - Correct
1 transformed
= f (- du integral with
AL incorrect limits
= f ut - ' du - Incorrect
o . transformed
5y & 5 % integral with
sgnt -t correct limits
R I
( 20
37570
[ 10 6 l 4
= =_Z|==
15 15 15
2J3_ siny — 2cosx
Rsin(x — a) = Rsinxcosa — Rsmacosx
Reosa = 243 Rsina = 2
” | 2 marks — both R
tang = —==— and a correct by
2~/3_ 3 correct method
b-i

~

| mark - either R
or a correct by
correct method
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Method 1 — graphing

2 marks — correct
solution

beii I mark
N — correct ordinate but
OPTION 1 failure to check nature.
- One max only with
From graph nature confirmed
[ am |
Maximumat . ——/—,4}|and | —, 4 I
\ 3 } 3
Understanding Trig graph approach
For sine curve — max occurs at
sin@ =1
A om
1= 4sin; x — = max at
. \ 6, 2 marks — correct
. solution
{ mi
v — | = 9 < ¢ < 2
. sulk.\ 61 1.2mn € x £ 21 1 mark
b-ii - — correct ordinate but
OPTION 2 _n_n 3w : -
X - P failure to check nature.
5 4 - One max only with
= o oam nature confirmed
37 3
2
maximum at { —,4
{3
( 4n )

maximum at ,\ -4
3

b-ii

Calculus approach

= = cos '(0)
X ——=cos
6
T_.m 3
T 6 2 or= 2
_2m n Sm 4
X = T3 3 T3
2
aty = —
3
d:)‘ |2 'ﬂ"\l
—5=—4sin| —-"1}|
dx” 3 64y
=—4 x|
< ( & concave down
) 2
S omaximum at ; —.4
V3o
4n (’Z.‘.
atxy = - = —7=-4<0
3 dx”
) 4n
maximum at | — —;,4 :

2 marks - correct
solution

| mark

— correct ordinate but
failure to check nature.
- One max only with
nature confirmed
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& =a* + b = 2abcos8

AR =4+ 422 x 4 x 4 x cosB

=32 - 32cosb

AB= J16(2 — 2cosf)as AB >0

= 4«/‘-’. - 2cos9

1 mark — correct
demonstration

Note lengths > 0

c-ii

Find dl‘dt
di_do d
dide T de
de 2 ,
a3 rad s

/=42 - 2(:059)Z

a4 L 2sin0(2 - 2cosO
0 2x sin@(2 - 2cos0)
_ 4sin@
JZ—ZcosB
ﬂ=zx 450
137 - 2cos8
b
g=—
at 3
ﬂ 5 4sm;
dr 3 -
2—2cos?
8 B 1
==X — X
3 2 1
2-2X5

|-

3 marks — correct
solution

2 marks

1
-Correct —

dt
1 mark

de

-Correct —
17/;

ol

- Correct —
JdB

fuclude units
in final
answer.,

u=p=015
. p(1-p) 2 ma!'ks — correct
ot=2 7 solution
di !
_0.15x0.85 1 mark — correct
200 g
=0.0006375
o =0.02524876...
__x-—p
oo
02-0.15
7 0.02525 2 marks — correct
=1.980198.. solution
d-ii =198  (2dp)

P(=<1.98)=0.9761
P(=>198)=1-0976
=0.0239

I mark - correct =
score
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Ql4 e
LI 0 SO S
1000 P 100-P2F pUoo - p)
NI O S
. LAY ol 7 |nu-lh'
a-i L 11)0-]);—1’} 1 mark
Tl paeo - py |
__I_ 100
oo X pam-p)
1
T pQon - py
i/:" Peioo - P
ot -0
di |
dP o Paoo - )
dt = ————dI’
100 -1y
[P N
= | = | =~ '
‘ 100 \ 2 100-7)°
flOOd/ = J‘L + ! ir 3 marks
P 100-P°
1% mark for
100r + C = [IniP{ - In({100 - P|)] correct
integration
asii >
100/ - C =In 100- P 2" mark for
> correct
PRLC I substitution to
’ 100 -1 find A (or C)

whents = 0, = 10

_lo 1

475079
l_‘ll)lll__ "

9 T jo0-p

‘IO(I/

100+ Loy

100¢ " - Pe

(100 - P)=9/p
=9p

o0y

100" = P9 =¢ )
N 100¢'

9+

1001

o] an "
=—ixtan v
e "
t
u=x v =E1an X
du LU 1 mark (must
i dy dy ) syt clearly show
-1 P ) use of the
gy _ hdv ovde product rule)
dy dx dx
1 l
=x X T - 1 X tan v
1 +x°
X -
= T - tan |.\'
1 +x°
|
I
J tan " x
a
" o 1 X -1
i (x tan”™ ') dx = T +tan v dy
dx |+ x 2 marks
. 1 mark for
b-ii

j tan ' xdx

0

L
—=_0l==In?2
3 ()j 3in 2
b
== _In?2°
3 In2
T
—4—»lnﬁ

tan \] J -

) 1+ 8" dx

- e
[\ tan '\L {—Inll + 37 ]I
-|

correctly
rearranging the
result un (i)
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AB = (2i+j)-i+3)

=i-2
- A )
B=[2i+j|-[i-2/]
c-i ( - -J ( ~/ | mark
=i+3j
— —
|AB| = {5 ICB =410
AB:CB=1 X1+ (-2 x3)=-5§
2 marks
6 m.n
cos """'—wl " 1 mark for
T using the angle
5 between two
i - JS- Jﬁ vectors formula
cos8 = — 1 I mark for
jl_ correctly
it finding the
6= e angle without
using (i)
¥ X I A =
Jwy=¢ ——=¢-v¢
L"
d-i fxy=e—(-¢ 1 mark

N Y
=¢ +¢ ">0forallx

as¢' >0 forally

v=s""x
vy = v I
Sy =e- o 3 marks
/) = 1 mark for
’ interchanging x
v=ele— and y
&
e 2" mark for
TR T using the
quadratic
d-ii letp = e formula (or
equivalent) to
0=p—xp-1 make ) the
subject
= ¥ 4 3" mark for
r 2 correctly
choosing the +
as ¢" > O0thenp >0 solution
.oxt J.\': + 4
o —
2
X+ J\'—:+_4
rhn|———m"r
Using inverse forx =3
s-J5q
y= ln( —_— ] = 1.64723
d-iii therefore [ mark

solution for
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d-iii alternative

1 DON’T DO TRIAL AND FRROR
S=¢'-—
e.\’
Ax -1
5=°
e.\'

h

‘V =

1

Point of Interscction
(1.647.5)

i~

v



